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Abstract

The paper offers an alternative approach to amajystock market time series
data. The purpose is to develop descriptive, nrdtgtive, and closer to reality analogs
of the behavior of US stock market prices, as ieddxy the S&P500 stock price index
covering the period October 2003 to October 200&e analog developed is the
“escalator principle” and the blind man. The amtois to treat prices as a random and
independent variable and use extreme value thegudge probabilistically whether
prices and their attributes are from an initiaimemse or whether there has been a regime
change. The attributes include the level, firffiedence, second difference and third
difference of the ordered price series. Variowpgmg tools are used, such as,
probability paper and different specifications mpenential functions representing
cumulative probability distributions. The argumenthat traditional time-series analysis
implies a given universe, usually normal with eftaeconstant or time-dependent
variance (or measureable risk) and consequendyg dot handle well uncertainty (non-
measureable risk) due to regime changes. Thegsalow the investor how to
determine when a regime change has likely occurred.
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Introduction

Traditional time-series analysis and all its mathg&cal forms have a voluminous
literature. Much of the econometric essence oflttesature can be obtained from Enders
(2004). Another part of this literature is finargapers generated by the now classic
paper by Fama (1965) on security price behaviori@ndteraction with its expected
price behavior by Beja and Goldman (1980). A coesible part of this literature
contains finance papers motivated by the Black-fshmodel (1973). The
distinguishing and obvious characteristic of thiegodata used in all the analysis is that it
is used in its natural time-ordered form.

Our purpose here is not to try and compete withliterature and its varied
theoretical and empirical approaches. Our purposemake a fresh start and to develop
descriptive, more intuitive, and closer to readityalogs of the behavior of the US stock
market, as indexed by the S&P500 stock price iratekas seen through the eyes of the
investor. Our analysis is based on a re-ordenngdiue of the price data. Natural time-
order price data initially will be used to descrthe price behavior, but since our concern
is with a probability test or judgment as to whethgiven price series is from an initial
universe or from a different regime, the priceesgmust be re-ordered and treated as
random events which are then applied to a cum@atrebability distribution function.
Monthly data will be used for the period Octobe®2@ October 2008 to illustrate our
analysis.

The main analysis consists of using extreme vdlaery with the re-ordered
price series. What will be detailed later as tbgcalator principle” will be developed as

an analog to understanding the behavior of stoakebhg@rices. The analysis will bring



out the significance of the first, second, anddhiifferences in the re-ordered price time
series, p(t). In other words, the practical stee has a choice of either analyzing the
naturally ordered prices as is traditionally doneamalyzing the re-ordered prices. With
the re-ordered prices and a given cumulative distion function (CDF), a test of
universe or regime change can be made.

In what follows, the second section is on extresee theory as a tool to analyze
the stock market price behavior. Then, in thedtBgction we examine the first, second,
and third price differences in the context of tkscalator principle.” The fourth section
contains a summary and conclusions.

Extreme Value Theory

The basic assumptions behind extreme value traerthat the parameters of the
initial universe or probability distribution remasonstant or if parameter-changes have
occurred, then such changes can be adjusted, aqtite draws or events are random
and independent of each other and thus over tifis last assumption can be discussed
later, but for now we accept it. It is necessargider to plot points on probability paper.

Extreme value theory shows that as the sampldrstzeases, the range of values
for a given event also increases and its probghiked not be particularly small. If the
event is an extreme value (say, more than threeasfgom its mean), then the probability
of it could be relatively high. For example, iktdaily high and low S&P500 re-ordered
values are plotted on probability paper (paper ithapecially scaled to show the
cumulative probability as a function of the pricegjng either the normal curve or a
general exponential function, as the price indeggj under normal market conditions a

linear function is obtained. This function repnetsethe theoretically given universe for



the sample. If an event occurs whose value igheflinear function, thus giving a higher
(or lower) probability than normal, the event vatill be considered as coming from the
initial universe or regime as the previous evea$dpng as the deviation is not too great.
In other words, even though there is a blip inghabability tail for an extreme value, if
the blip is not too large, the event is considegdoming from the initial universe.

But, if the event is way off the linear functidghen it is considered as coming
from a different universe. A regime change hasioed.

In his classic paper containing four lectures xinezne value theory, Gumbel
(1954), applying the theory to the US stock madkedr the period 1897-1947, with the
Dow-Jones index, stated:

“If the straight line is accepted, the conclusioaynbe drawn that the crash at the end of
the twenties really spelled the doom for the systaeen prevailing, and that the present
phase of the capitalist system in this countryrsdmentally different from the previous
one,” (p. 46)

To elaborate further, take samples from a prestymadsmal card deck with
replacement. Say, after 52 draws you get four.atéss is what you would expect to get
from a normal deck. But, say you obtain after 82&ws, 260 aces, would you still
consider the deck to be normal?

On the one hand, extreme value theory saysfthatary large sample is taken,
extreme values are likely to show up, since theyrtion is that the universe of events
or values thereof is unlimited. The fallacy of 8xgigma rule contradicts this by saying
any value more than 3-sigmas out is inconsequen®al the other hand, if the frequency

of the extreme value is too high, it is unlikehathhe deck (in this example) is normal.



In some of the literature, a probability densupdtion (pdf) with an extreme
value with a relatively high probability is refedréo as a probability distribution with a
“fat tail” (see, Taleb, 2007, for an historical gey, although Taleb does not explicitly
use the word “fat” but uses the phrase “long tailextremism). The notion of a “fat
tail” owes its origin to Mandelbrot’s work (1963972) on the behavior of cotton prices.
Fama’s paper (1965) used the “fat tail” concept madivated many studies on security
prices. Although it has been argued by some tmatrtuch is being made of the concept
that has been obvious to investors and researfiresdong time.

Related to the “fat tail” concept is the extrenadue theory. It has been around a
long time (at least since 1922) in the geology #oad control literature (see, Gumbel,
1954, for his list of references). What complicaige use of extreme value theory in the
case of the stock market is the fact that the stoakket is part of a global financial
system. The theory as used by geologists onlydesntend with a given river (say, the
Mississippi river), and not the whole world (thettiedfly effect, not with standing).

The issue underlying our use of the extreme vetueept (and, for that matter,
the “fat tail” concept) is to differentiate betweknight’'s (1964, Chapters 7 and 8, but
the first edition was 1921) measureable risk angdmeasureable risk or uncertainty.
Keynes also had this differentiation in mind (d¢€eynes, 1936, Chapters 12, 13, and 22).
Others use the Black Swan concept to describertbertainty of unknown events (See,
for example, Taleb, 2007).

Measurable risk is based on an objective prolgistribution, such as used in
life insurance and fire insurance. As a persogsiacreases (sample size), the

probability of dying by age 110 approaches oneujassg falsely that 110 is a finite



limit). If houses are burning down more frequenitlgn normal, a regime change is
suspected.

In the case of stock prices, in normal times, sdw®liations +/- from the linear
function on probability paper would be consideresasureable risk (of course, rating
agencies come into play here, but we discussdtes)l Even if the deviations were
relatively large, in other words, extreme valuesne researchers would still consider the
risk measureable. In such a case, insurance adaéssvould be available (like credit
default swaps). However, if the deviations weeleoge, there is no objective
probability and no measureable risk. In this ct#seextreme value is from a different
universe or regime, so its occurrence is basedibjestive probability and it is an
uncertain event. In such a case, insurance iavalable. The investor will self-insure
by hedging.

The issue then is how do we measure the riskgpfen stock, when its value
(price) is uncertain in the Knight-Keynes sense®aA aside, this is the problem today
faced by investors considering investing in debusées that are backed by sub-prime
mortgages, the so called collateralized debt ottiga (CDO’s). This same problem is
also faced by the US Treasury, now that the EmesgBiconomic Stabilization Act of
2008 has been signed into law (October 3, 2008).

In practice, the amount of risk associated witiven stock for a given period is
determined by rating agencies like Value Line, \algoves the Beta coefficient for a
particular firm, a measure of the quantity of niskative to the market basket as a whole
(usually, the S&P 500). Numerous other method$edérmining the amount of risk

exist! In any case, on the presumption of a competitiaeket with full information,



'Couriously, the Black-Scholes model (1973) withthd intrigues associated
with its use of a partial second-order differenéigliation still only relies on® and the

normal CDF to measure risk.

financial researchers and some economists argtiéhthanarket will perform efficiently
in the sense of determining the true price and arnolrisk (if such were the case, why
does the price change?). Hence, we have the expnes fair market value. In normal
times, this risk can be considered a measureaherrithe Knight and Keynes sense.
But, with uncertainty, we are investing in abnorraes. It is like betting on drawing
an ace from an unknown deck. This is where extremhee theory comes in. The
problem is that you cannot test the deck aheaninef for extreme values. Atleastin a
game of chance, you can demand to see the deckhaiffite it, spread it out face up, to
see if it is normal.

The problem borders on determining the appropsateple size. Should we
analyze the last ten years or the last 20 yedanger? The longer the sample period,
the greater is the likelihood of capturing manyeti#nt universes or regimes, all of
which may be quite different in fundamental way&t, if a very long time period gives
observations that are extreme but close to thaidifumction, then extreme value theory
says the observations are from the initial univetdedging by having a portfolio that is
composed of a mixture of risky stocks can helpoime cases of uncertainty. But, when
the whole stock market is falling, hedging doeshedp. Fire insurance or flood

insurance work when only a few homes are affediatif the whole community is



affected, then a larger risk pool is needed. Tiserer of last resort becomes the
government.

In Figure 1a, we show the high and low of the retyiordered S&P500 price
index since 1950, daily, to 9/25/08. Up until 484 the index rises exponentially at a
fairly constant and low rate. Then, it rises &egy high rate until it peaks around July or
August 2001. Of course, after 9/11/01, it fallsyweapidly to about 5/20/03, then it peaks
again in June 2007. It has fallen ever since.aBjea new regime has occurred
beginning 4/15/94. But, there have been threeradggmes since then.

Can one determine when another extreme value @righw) will occur and its
probability from the existing data? It can be agjthat prior to 4/15/94, there is not
sufficient variance in the data to form an opinadjout the large variance (or risk) that
ultimately followed. In other words based on the-£994 data, the post-1994 data with
its high variance could not have been predictelde dxtreme value theory would show
that the post-1994 data did not come in all likedid from the previous regime or
universe. Figure 1b shows the observed or nayuoadlered time path for p(t) from
October 2003 to October 2008. The rapid rise ¢opigak at the &9month (October,
2007) and the subsequent fall are evident.

For the main analysis of the re-ordered stock nmagrkees using probability
paper, we use a shorter period of time as indicabede. Figure 2a represents the plots
on probability paper where the cumulative prob&bsiof random events are plotted on
the specially scaled Y-axis and on the X-axis do&tgd the re-ordered values of the
stock price indexes using a linear scale. For nesviollow Gumbel’'s (1954) cumulative

probability function, where F(p) = expteand y = (p — u). The double-log
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transformation of F(p) yields y = -In(-InF(p)) p(t) — u, a linear function of p(t). The
probability paper is ruled for y on the Y-axis ahd re-ordered p(t) on the X-axis.
Alternatively, y and p(t) can be plotted on arithicaly scaled paper as shown in Figure
2b. The upper right five or six plots deviate frtme linear graph given by R and do not
appear to have come from the initial universe.t t&d’ followers would argue the
contrary. The cumulative probability appears seritoo fast as it approaches one (y =
4.1190 or CDF =.984). The important point to netthat the Gumbel double-log
function is a linear function in the re-ordered) p(tLater, we will use a Weibull (See
Web site) function which is linear in the log ofoedered p(t).

Briefly, for now the plotting process on probalyilgaper goes like this. The
original S&P price index is re-ordered from lowhigh. The original monthly rank
corresponding to the naturally ordered monthlygirdex is now not in a continuous
sequence, since for any one month, the price dmikigh or low. So, a new monthly
time index series is constructed from 1 to 61 s@ple size, in alignment with the re-
ordered price values. We will for simplicity stilse the notation p(t) for the re-ordered
values. The re-ordered prices will be the basthefmain probability analysis
throughout the paper, except for the initial dggevns that are based on the naturally
ordered prices.

The next requirement is the cumulative probabfbiythe random price event. It
is approximated for a exponential function by tbefula, F(t) ~ (t - .3)/(n + .4), where t
is the new monthly time index corresponding tortber price array (other formulae can

be used such as F(t) = t/1 + n (used by Gumbel)1 95 F(t) = 1 — exp(1), where is a
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parameter (available on XLS)). Then, on probabp@per, the cumulative probability
and the re-ordered price index are plotted.

The best-fit linear functions (determined here g sight) are shown in Figure
2a as R1, R2, and R3. As indicated, one can dhgue¢here appear to be three regime
universes given by the respective R’s. R1 is étatively low stock prices. R2 is for
middle-range stock prices, and R3 is for high wick is difficult to argue that all these
ranges of prices come from the same, single urevelEach linear function represents a
particular CDF, where Pr(p =< p*) is implicit. Tipéots represented by R2 are not likely
outcomes from R1. Similarly, the plots representgdR3 are not likely outcomes from
R1 or R2. The respective deviations are too large.

For example, a plot at the lower end of R2 withFGralue of 40 percent has
about a 55 percent chance of coming from R1, aet&emt error. A plot on the upper
part of R3 has a 99.9 percent chance of coming RR@ybut no chance of coming from
R1. Or, from the reverse perspective, the lowéued plots from prices in the 1050 to
1230 range have a 1 to 50 percent chance of coimongR1, but a 40 to 55 percent
chance of coming from R3, an error of 15 percé&, the actual probabilities of the
random price events cannot be attributed to outsdnoen a single universe.

The variance of the price points represented bysRibt sufficient to predict the
variance of the points represented by R2. Andy#r&nce of the price points
represented by R2 is not sufficient to predictgbets represented by R3. As we argued
before, risk information is in the variance. Atlggre simply is not enough information

to have predicted the extreme values as coming thenmitial universe. So, the notion
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of a “fat tail” as it relates to Figure 2a or 2bedmot apply. Or rather, there is a fat tall
but it is not from the initial universe.

Another way to analyze the monthly stock marketgpbehavior is to use linear
scales by transforming F(p) and p(t) into logs. Wge a general Weibull exponential
function given by F(p) = 1 — exp{f) = Pr(p =< p*), with constantsand . The
transforming of F(p) to a double-log function yiglah(In(1/(1 — F(p))) =y =In +

Inp(t), a linear function in logs (note, again, Gaghis linear in the absolutes). We can
now plot y against Inp(t) using linearly scaledtani

To be consistent with the previous approximatiof(q) used for Figure 2a and
2b, we substitute for F(p) the approximation, HK@(t) = (t -.3)/(n+.4), shown earlier.
Then, the double-log calculations are made usitigitgtead of F(p). Figure 3a shows
the graph. Approximate linear equations are inddé®y R1 and R1'. In either case,
between 7.1 and 7.2 logpriceX values, the deviatappear to be too large to have come
from the initial universe or regime.

Using another approximation, let F(t) = 1 — extpfrom XLS ( =.0323). The
cumulative probabilities in double-log scaling arethe Y-axis and the logpriceX is on
the X-axis (see Figure 3b). The R1 and R1’ appnaxe-fit linear functions, suggest that
the deviations are too large to have come fromrtitial universe. Note, as indicated
earlier, to be consistent both figures are basedlsong the time rank order (1 to 61) in
F(t) as a proxy for the absolute price rank ord&53.8 to 1576.09) in F(p).

What these results suggest is that we need todbblgher moments or
something akin to moments to see if there is enaagiance information to predict the

extreme values. Strictly speaking, the kth monabout zero or the mean) is a
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parameter, a single value as i\f(x) = My. For our purposes, it is more informative in
terms of variability to see the actual deviatiohs geries from point to point in time.

First and Higher-Order Price Differences and thec&bator principlg&

We begin by examining the naturally ordered pgragph of the first differences
against time as in d(t) = p(t) — p(t-1) <>0, whp(8 is the naturally ordered S&P
monthly stock price index. In effect, the d(tplgn to the single arm of the first moment
as in [p(t) — p(t-1)] = L. But, before we examine the first differencegp(t), we give
the details of the “escalator principle,” develo@asdan analog for understanding the price
behavior.

As an analog to the price behavior we try to modahsider a blind man starting
up a typical electric escalator of steps. The bignaf the step rises is by design given
and fixed and represents analogously the giveneusés The issue or hypotheses is to
test whether the escalator is the same universetdyy analyzing the step rises. For the
given escalator, initially, the steps rise slowhgldhen the rise remains constant for a
time. Then, as the step rise gets smaller andaemtde blind man senses that the
escalator is approaching the top of the stairsvéimeh the step rise disappears altogether,
he knows the escalator is at the top and it is foné&im to get off.

The rise itself can be thought of as analogoubkéddirst difference of the re-
ordered price series. But, the second and thffdrdnces are also significant indicators
to consider. As we discuss in a moment, we asshatehe typical investor is blind to
the path of p(t), unless he examines the firspsécand third differences. These falling
differences signal when the top of p(t) is appraagliand, in an analogous way when the

bottom is approaching). It is perhaps a bit dfratsh to assume investors are “blind” to
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p(t), like the blind man is blind to the escalataut seeing is not always believing. The
investor may in some sense see the price level riging but unless he is keenly aware
of the price differences, he is for all intents gudposes blind. The blind man survives
because he is sensitive to the differences. Tvestor must do likewise.

Figure 4 shows the first differences of p(t) nallyrardered for the period
October 2003 to October 2008 for 61 observatioess(bne for the one lag). The general
pattern from left to right of the series considtseveral positive d(t)’s, then one or two
negative d(t)'s. As the #9month (October, 2007) is approached, howevers¢ageence
is reversed, one or two positive d(t)’s, but seveegative d(t)’s. In other words, as the
market crashes (our data set only goes to Octhl#008, but the crash was well on its
way), the differences are more frequently negatgegxpected when the trend changes
from expansion to contraction. The message giyethé pattern is that when first
differences start to become more frequently negahan positive, we should soon
expect the market to fall significantly. The smaxtestor will sell short and buy back
when the market has fallen. Our concern, howasavijth testing using extreme value
theory whether the first differences are from th&al universe or has there been a
regime change.

To this concern, the next task is to re-order theepseries and then to order the
first-differences of this series from low to higBy construction, all the differences will
be positive and are assumed to be random. Thewy tie previous method to
approximate the probabilities, plot the probalabton probability paper (PP) with the
first-differences of the re-ordered p(t) on the ¥sdollowing the Gumbel linear model

(Figure 5). Since the first-differences are ordeme could as an alternative to them use
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the time-order index (1 to 60, now) on the X-axis.any case, plotting F(t) = (t-.3)/(t +
4) ~ F( p) against p on probability paper will give the cumulative pability of the
differences and whether they appear to come fras#me universe or not. In other
words, for the random collection of first-differexscto make any sense, the investor has
to decide whether they come from the given universanother universe.

Similar to before, using the Gumbel model (wherenfow we use F(p) ~ t/61)
for the double-log scaling of y against the lineq(t), see Figure 6a, at about a first
difference equal to 10 (July, 2007), the deviatiappear to be significantly large,
suggesting a regime change. Again, the “fat fallbwers would argue otherwise.

Using the Weibull model (with F{) ~ t-.3/61.4), see Figure 6b, the double-log y is
plotted against the log ofp(t). Here, there appears to be two tails, a laesiation
from the linear equation R1 and an upper devidtiom R1. This suggests two regime
changes from the original regime.

To use our escalator analogy and to be consistéimthe previous analysis, the
step rises are treated as random events, all ypasitnd ordered from low to high. The
blind man has to believe that as the first diffeesn(the step risings) are getting smaller,
the cumulative probability for a given step risestioe approaching one as the step rise
approaches zero. This belief is necessary to jtitlafethe given escalator has not
changed. In other words, do falling step risescaue that he is on the given escalator?
To do the probability test, we need to read thdalbdity function in reverse, so Pifd

H*) =1 - F( H), where H is the step rise. The chance of the rise getmgller has
to be increasing for him to believe that the tophef stairs is approaching (meaning he is

on the same escalator or regime). If, for exanthlere is only a 40 percent chance that
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the given step rise is falling, a 60 percent chdocéhe inverse, the step rise is rising, he
will be uncertain about whether he is approachiregtop or not, or equivalently, whether
the escalator is the initial one. A similar anatag be developed using an elevator and
the rate at which it is approaching a given floor.

More information can be gleamed from the priceesehny looking at the second
differences, d(t)2 = [p(t) — p(t-1)] — [p(t-2) —t{X)], as shown in Figure 7 for the
naturally ordered p(t). Here, the pattern gengialbs follows: the width in time
between high d(t)2’s (>0) and low d(t)2 (<0) valiefairly consistent (two to four
months of negative d(t)2’s) until about thed4onth (March, 2007), then the high-low
values increase rapidly and the width (or spreadéen fluctuations) gets smaller. The
message is that once the time width between higHam d(t)2’s starts to shorten, high
volatility or variability can be expected. The rketrwill soon become very unstable.
The smart investor can play this volatility by sel short when the d(t)2 is high and plan
soon to buy back the stock when the market is tbwotver the short sale.

To test for a change in regime, Figure 8 showsptbes for the cumulative
probabilities obtained from the earlier approximatiwhere F(t) ~ (t -.3)/59.4, against
the 2 differences of p(t) re-ordered to use probabjliaper. Treating the'2differences
as random outcomes, the straight line in the figapeesents where the plots from the
initial universe are most likely to fall. The upp@ht plots are presumably from a
different universe. So, when large positive seadiffdrences occur, it is likely that they
are from a different universe, “fat tail” follower®t withstanding.

This conclusion is also evident when the doublelilogar Gumbel y (where

F( 2p) ~ t/60) is plotted against the order8ddifferences on a linear scale as shown in
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Figure 9a. The above conclusion also appearsgur&idb, using the Weibull model
which is linear in logs. There appears to be tegimes other than the initial regime
(represented by the linear function R), one forls@d differences and one for larg&'2
differences. Wide swings in the second differerte#ghe investor it is time to sell out.
When the blind man senses improbable second diifese(analogous to the change in
the step rises), either the small second differehese too low a cumulative probability
or the large second differences have too largerautative probability, both relative to
the initial regime, he suspects that there is shmmgtwrong with the path of the escalator
and that there is an uncertainty as to whetherheading for the next floor.

Equivalently, he suspects that there has beenimesthange.

Figure 10 shows the third differences for the redtuiordered p(t) against time
for the same period as before (allowing for thesjag-rom about the 42month (March,
2007) onwards the high and low difference valugdugéher and further apart, forming a
funnel shape from month 42. Previous to monthid third differences fluctuated fairly
consistently between +/- 100 around zero. The agess that once the third differences
start to increase in value, volatility has setsmthe highs can be expected to be followed
by the lows. As before, the smart investor cay plathis variability by selling short at
the high difference and buying back at the lowed#hce.

In Figure 11, the cumulative probabilities approated by F(t) ~ (t - .3)/58.4 are
plotted on the specially scaled Y-axis along wité ordered positive third differences on
the log-scaled X-axis on probability paper. Thg $cale had to be used because of the
way the third-difference values occur. The valaesvirtually zero up to the 6

observation and near zero from 17 to 47. Frommbsien 48, the third difference goes
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from .1 (with a CDF of .81) to 12.04 (with a CDF.88B). In spite of the graphing
difficulty, treating the third differences as ramaddraws, it appears that the upper right
hand positive plots are from a different univerempared to the left-side plots close to
the Y-axis.

A clearer graphing is given in Figure 12a. It skdhe plots for the Gumbel
model using y against the ordered linear scal¢h®third differences. The upper right
side plots appear to deviate too far from theahitniverse represented by the linear
function given by R. To put it another way, thenative probabilities are too low for
the small third differences and too large for @ugé differences, compared to the initial
universe given by the plots on R. Figure 12b shihelotting using the Weibull log
mode. The upper and lower tails are similar teéhim Figure 12a. For either figure, the
message is that large positive third differencessanall third differences are most likely
from different universes than from that for thetcahplots represented by R. Rather
than refer to these extreme results as evidentfatahils,” we argue like earlier that
these results indicate regime changes. The fah&sis implies that the variance or risk
is a constant and measureable, whereas the regamge argument implies that the risk
has changed, even though its measurement is uimmcerta

By way of the escalator analog, small and largétipeghird differences
represent changes in the rate (second differeateglich the step rises are changing.
Improbable third differences or rather unlikelyrthdifferences cause the blind man to
have uncertainty about how the escalator is belgeauml whether it is heading for the top
floor or not.

Summary and Conclusions
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The purpose of this analysis is to put forth agslof the behavior of random
stock market prices as given by the S&P’s 500 indedescribed an intuitive and
realistic methodology to gain an understandinghefrion-measureable risk in the random
behavior of stock prices.

The point of my analysis is that there is informaatin what is equivalent to the
first, second, or third differences of the re-orsterandom price series pft)t may even
be useful to go to higher order differences, altiothat does not appear to be the case.
In other words, buried in the differences is risformation about the different universes

or regimes of the random price series, p(t).

’Enders(2004, p. 7) argues, “...that third and higbreler differences are never
used in applied work.” My guess is that this maysb, because third and higher-order
differences present a problem when trying to fimel tharacteristic roots for the higher-
order differences to obtain a specific solutioriusrction, p(t). My task is not to try and
find a solution function, per se. The task isdeorder the actual price series and when
the ordered first, second, and third differencast $v behave as described in the text,
then it is time to sell out or sell short. In atleords, we are not trying to find a suitable
forecasting function which reflects or is a summairgll past price-differences of the
actual price series. We want to analyze the beha¥iindividual re-ordered prices and
price differences and on the basis of extreme vileery come to some judgment about

whether the price series comes from the initialerse or from another universe.

There may appear to be some resemblance of daratite analysis to the Black-

Scholes model (1973), but such appearance is degeifhe partial differential equation
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(PDE) of the Black-Scholes model (see, for a rigermathematical treatment, Stampfli
and Goodman, 2001) is essentially in spirit a wiEdtaverage of the first and second
derivatives of a well-defined function, say, f(@here the weights involve the mean and
the variance of the normal CDF. Where my analgsfsrs is that the random price
differences are not derivatives of a given functiout are more like incremental changes
which suggest or imply different universes or reggnand not a given universe. As |
tried to show and argue, an awareness of the atgeiee differences and their resultant
cumulative probabilities can signal a regime chan@écourse, being aware of the
differences or being sensitive to them does notaquae that a given investor will act on
them. While | argue that variances and risk imfation will vary with regimes, | am not
trying to develop here a mathematical model. Asest at the outset, | seek analogs that
are realistic and intuitive to the typical investdrhe practical investor can easily re-
order the actual price series and plot the fiestpad, and third ordered differences of the
re-ordered price series and come to some judgnmeh¢@nclusion about what decision
to make concerning his investment. It is also kigpat such analogs will be helpful to

financial and economic policy makers.

Acknowledgements| wish to thank my colleagues, Korkut ErtlirkcRard Fowles, and

Lance Girton, for helpful discussions on uncertgiptobability theory, and financial

markets. Any errors are mine.
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